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ABSTRACT

The frequency-responsemasking(FRM) methodallows the de-
signof selectiveprototypefiltersfor cosine-modulatedfilter banks
(CMFBs) with a reducednumberof distinct coefficients. Such
methodology mayresultin filter bankswith largenumberof bands
(e.g. 1024or more)anda simplified optimizationprocedure, as
therearelessparametersto adjust.This work introducesa numer-
ically efficient optimizationprocedure, basedon a quasi-Newton
algorithm,for designingselective FRM-basedCMFBs. The pro-
posedmethodusesa perfect-reconstructionFRM prototypefilter
asa startingpoint andupdatesthe numberof bands of the filter
bank during the optimizationprocedure. Examplesprovided in-
dicatethat figures-of-merit,suchas intersymboland intercarrier
interferences,for theoptimizedFRM-CMFBstructurearesignifi-
cantlyimprovedwithout increasingthecomplexity of theresulting
structure.

1. INTR ODUCTION

Cosine-modulatedfilter banks(CMFBs)arewidely usedin prac-
tical multiratesystemsdueto two mainaspects[1–6]: First, their
completedesignis basedon asingleprototypefilter; Second,they
have computationallyefficient implementationsbasedon fastal-
gorithmsfor the discretecosinetransform(DCT). For very de-
mandingapplications,wheremaximumselectivity is required,the
CMFB prototypefilter may presentvery high order, increasing
the computational complexity of the overall structure. A possi-
ble designmethodthat may reducethis problemis basedon the
frequency-responsemasking(FRM) method[7], which is known
to producesharplinear-phaseFIR filters with reducednumberof
coefficients.

This paperintroducesan optimizationprocedure for the so-
calledFRM-CMFBprototypefilter [8], aimingat thereductionof
thestopband totalenergy or maximummagnitude,with constraints
on the intersymbol interference(ISI) andintercarrierinterference
(ICI) of the overall structure. It is thenverified that the reduced
numberof coefficients requiredby the FRM approachnot only
maygeneratea moreefficient structurein termsof numberof op-
erationsperoutputsample,but it alsoleadsto asimplerandfaster
optimizationproblem. The proposedprocedure is basedon vari-
ationsof sequential quadratic programming, using a constrained
quasi-Newton methodwith line search[9]. Thenew methoduses
a perfect-reconstruction FRM prototypefilter as initial condition
and updatesthe order of the filter to achieve a numericallyeffi-
cient optimizationprocedure. The resultsincludelower levels of

ISI andICI for a fixed filter order, or a reducedfilter bankcom-
plexity for givenlevelsof interferences.

This paperis organizedasfollows: In Section2, a description
of thecosine-modulatedtransmultiplexer (TMUX) is given along
with thedefinitionsof theassociatedISI andICI figures-of-merit.
In Section3, theFRM-CMFBstructureis discussedasanefficient
alternative to designhighly selective multiratesystems. In Sec-
tion 4, an optimizationprocedurefor the FRM-CMFB structure
is introduced, with emphasisgiven on the numericallyefficient
featuresof the proposedalgorithm. Finally, Section5 includes
somedesignexamples, illustrating the resultsachieved with the
proposedprocedure.

2. THE CMFB AND TMUX SYSTEMS

CMFBsareeasy-to-implement structuresbasedon a singleproto-
type filter, whosemodulatedversionswill form the analysisand
synthesis subfiltersof the completebank[1]. Usually, the proto-
typefilter for � -bandfilter bankis specifiedby its 3 dB attenua-
tion point andthestopband edgeat frequencies�����	��
 � ��� ����������������� � (1)

respectively, where � controlstheamount of overlapbetweenad-
jacentbands.

Assumingthat the prototypefilter hasan impulse response��� �! "� of order # � , its transferfunctioncanbeexpressedas$ � �&%'� �)(+*,-/.+0 �1� �! "��%�2 - (2)

The impulseresponseof the analysisandsynthesis subfiltersare
thendescribedby �43 �! "� � � � �! 5��6 387 - (3)9:3 �! "� � ��� �! 5�<;6 387 - (4)

for = �?>�@ � @BA	ACA	@ � �ED �F� and  �?>�@ � @BA	A	AC@ # � , where6 387 - � HG	IKJ"L �  = �M�C�B�! DN# ��O  ��� � �P� D �F� 3 � QSR (5);6 387 - � HG	ITJ L �  = �U�F�B�! DN# � O  ��� � D � D �C� 3 � Q R (6)

If theprototypefilter has � # � �V�C� � TW � coefficients,thenit
canbedecomposedinto

 � polyphasecomponents$ � �&%/� �YX[Z 25\,] .+0 % 2 ]:^ ] �&% X[Z � (7)
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with
^ ] �&%'� , for _ �Y>1@ � @CA	ABA	@ �  �`D �C� , givenby^ ] �&%/� �Ya 2"\,b .+0 ��� � Tc � � _ ��% 2 b (8)

Therefore,usingthefactthat6 387 d -Ke X b Zgf � � D �F� b 6 387 - (9)

eachanalysisfilter canbewritten as$ 3 �&%/� � X[Z 25\,] .h0 6 387 ] % 2 ]T^ ] � D % X[Z � (10)

It canthenbeshown thatall filtering operationscanbeefficiently
implementedthrougha reducednumber of operationsper output
sample[1]. Clearly, a similar reasoningcanalsobeappliedto the
synthesisfilter bank.

Theinput-outputrelationshipof theCMFB describedabove is
givenbyij �&%'� �k��mlon 0 �&%'� j �&%'�+� Z 25\, p . \ n p �&%'� j �&%/qsrot�uFvw �ox (11)

where n 0 �&%'� � Z 2"\,3 .+05y 3 �&%'� $ 3 �&%/� (12)n p �&%'� �VZ 25\,3 .h0 y 3 �&%'� $ 3 �&%/qHz1rot�uFvw � (13)

Themaximallydecimated� -channel TMUX systemis a fil-
ter bankwheretheanalysisandsynthesisblocksareswitched,as
depictedin Figure1 [1, 2]. This structureinterpolatesandfilter
eachinput signal,addingthe resultingsignalson eachbranchto
form a singlesignalfor transmissionover a given channel { . At
the receiver, thesignalis thensplit backinto � -channelsto gen-
eratethedesired� outputs.
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Fig. 1. � -channel maximallydecimatedTMUX system.

Thegeneralrelationthatdescribesthetransferfunctionsof the
TMUX systemis i� �&% Z � �k���� �&% Z � � �&% Z � (14)

where i� �&%/� ��� i� 0 �&%/� i� \ �&%'� A	ACA i� Z 25\ �&%'����� (15)� �&%/� ��� � 0 �&%/� � \ �&%'� A	ACA � Z 25\ �&%'��� � (16)� � �&% Z �����C� � Z 25\,3 .+0 $ � �&%/q/2�rot�u:�w � y �C�&%/q/2�r�t�uF�w � (17)

for � @[�8��>1@ � @CABA	A	@ � �`D �F� . Thematrix � �&% Z � is theso-called
transfermatrixwhoseelements,� � �&% Z �����C� , representthetransfer
functionbetweentheinterpolatedinput � andthedecimatedoutput� . In a TMUX system,onewould be interestedin estimatingthe
total ISI andICI figuresof meritwhich aregivenby [5]:����� ���U�F���� , - �   �! "� D¢¡ � �! "��� X1£ (18)�[¤�� ���U�:�� 7 ¥§¦¨ © Z 25\,� .h0 7 �1ª. ��« � � �&q ] ¥ �����C� « X4¬ ® (19)

3. THE FRM-CMF B STRUCTURE

A block diagramof theFRM approach is depictedin Figure2 [7].
In suchscheme,the ¯ -interpolatedbasefilter

$ � \ �&%'°+� presentsa
repetitive spectrumwhich is cascadedby thepositive maskingfil-
ter ± \ �&%'� , or order # e3 , in the upperbranchof this realization.
Similarly, a complementaryversionof this repetitive frequency
response,

$ � X �&% ° � , is processedby the negative maskingfilter± X �&%'� , of order, # 23 , in the lower branchof the realization. In
suchprocedure, both maskingfilters keepsomeof the spectrum
repetitionswithin thedesiredpassband,which arethenaddedto-
getherto composethedesiredfrequency response.²�³�´1µ ¶�· ~ ³�¸C¹�µ º ~ ³�¸	µ » ¼ ³�´1µ¶�· t ³�¸C¹�µ º t ³�¸	µ

Fig. 2. Block diagramof FRM approach.

To apply theFRM methodto designtheCMFB prototypefil-
ter, let us consideronly the upperbranchof the FRM structure.
Thenthetransferfunctionsfor theanalysisfiltersbecome$ 3 �&%'� � (,-/.+0 6 3�7 - � �4½� \�¾�¿ \ �B�! "��% 2 - (20)

wheretheterm � � ½� \ ¾5¿ \ �B�! "� denotestheconvolution betweenthe
interpolatedbasefilter and the positive maskingfilter responses,
and # is theoverallorderof theFRMfilter. Thekey pointis to find
anefficient structureto calculatetheconvolution in equation(20),
taking into considerationthe specialpropertyof the cosinefunc-
tionsin equation(9).

In the moregeneralsolution,the FRM interpolationfactoris
written as[8] ¯ � TW � � � �W � (21)

with
W � a nonnegative integerand

W � a positive integer. In such
case,

$ 3 �&%'� , aftersomeintricatealgebraicmanipulations,canbe
written as[8]$ 3 �&%'� ��À 2"\,Á .+0 L % 2 ° Á $ÃÂ� \ Á � D % ° À �Ä X[Z 2"\,] .h0 6 3�7 d -/e wÅ · Á f % 2 ]F^ Â] � D % X[Z � R (22)
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wherethemodifiedpolyphasecomponentsof theinterpolatedbase
filter aregivenby$ÃÂ� \ Á �&%'� � a�Æ 2"\,b .+0 � D �F� a�Ç Á � �C� c�È �ÊÉK��% 2 b (23)

for É �Ë>1@ � @CA	ABA	@ � È D �C� . Basedon equation(22), an efficient
FRM-CMFBstructureresults,asdetailedin [8].

4. OPTIMIZED FRM-CMFB

Thedesignsof CMFBsaim at theoptimizationof^ X �VÌÊÍ¥'Î « $ � �&q ] ¥ � « XBÏ � (24)^8Ð � �U�:�¥sÑ�Ò ¥'ÎC7 ÍTÓ « $ � �&q ] ¥ � « (25)

whichcorrespond to thetotalenergy andthemaximummagnitude
valuein thefilter’sstopband, respectively, with � � beingthestop-
bandedgefrequency. In practice,to control thealiasingdistortion
andtheoverall directtransferof thefilter bank,thefollowing con-
straintsareintroduced� D   \ÕÔ « n 0 �&q ] ¥ � « Ô ���   \ (26)« n p �&q ] ¥ � « Ô   X (27)

for Ö � � @  @CA	A	AB@ � �×D �F� and �ÙØÚ� >�@ �+� . In the FRM-CMFB
structure,theapproximationproblemresideson finding a basefil-
ter, a positive maskingfilter (upperbranch),anda negative mask-
ing filter (lower branch)that optimize

^ X or
^ Ð

subjectto the
constraintsgivenby equations(26) and(27).

The functions n p �&%'� , for Ö �Ù>1@ � @CA	ABA	@ � �ÛD �C� , requiredto
imposethe desiredconstraints,have an extremely high compu-
tationalcomplexity. Somesimplifications, however, reducethis
problemby rewriting thesefunctionsas[10]n p �&%'� �YÜÞÝ�ß qsrot�uFv�àw � � �! "� ¾ � � �! 5��á�â��! "�	ã (28)

with â��! "� givenbyâH�! 5� �åä  � � D �C��æ @èç ITé � # � D  "� �  � 6 @ 6�êìë'íïî	ðTî é>1@ I íïñ�î é[ò ê J î
(29)

Due to the symmetryin the modulation function [3], n p �&%'� �n Z 2 p �&%'� , andhence,onemayevaluatethesefunctionssolely forÖ �Y>1@ � @CABA	A	@'ó � O Fô , where óöõ ô denotestheintegerpartof õ .

4.1. ProposedAlgorithm

An efficient procedure for designingoptimizedCMFB structures
was presentedin [3]. That procedure, basedon an initially op-
timized CMFB with a small numberof bands,� p , is capableof
designingoptimizedstructureswith alargenumberof bands,given
by �¢÷ �  æ � p , where 6 is a positive integer.

In thiswork, weextendtheabovementionedprocedurefor the
designof FRM-CMFB structures.For simplicity, assumingthat
the FRM structureis implementedwith only the positive branch,
andthatthenon-optimizedandtheoptimizedFRM-CMFB proto-
typefiltersfor agivennumbersof bands � aregivenby]

$ � �&%'� �$ �C�&%'°+� ± 3 �&%/� and
i$ � �&%'� � i$ �C�&%'°+� i± 3 �&%'� , respectively, the

optimizationprocedureis describedby:

Step1: Make
c �ø> and � d b f � � p , the initial numberof

bands of the FRM-CMFB structure. Determinethe orders # d b f�
and # d b f3 of the baseandpositive maskingfilters at iteration

c
,

respectively, andthe interpolationfactor ¯ , to obtaina prototype
filter of order # d b f� � :W � d b f D � (

W
is thedesiredlengthof the

polyphasecomponentsof theprototypefilter).

Step 2: Initialize all coefficients of
$ d b f� �&%'� as zeros,ex-

cept the centralcoefficient, which should be madeequalto one,

suchthat
$ d b f� �&%'� � % 2 (�ùìú<û·øü X . Also, initialize all coefficientsof± d b f3 �&%'� aszeros,but only the ¯ centralcoefficientsas \ý X[Z ù�úþû .Step 3: Basedon the desiredobjective function, optimize

the FRM-CMFB structure(seenext subsection) consideringthe
constraintsin equations(26) and (27), obtaining

i$ d b f� �&% ° � andi± d b f3 �&%'� . If � d b f � �ÿ÷ , stop;otherwise,go to next step.
Step4: Make

c � c �P� and � d b f �  � d b 2"\ f anddetermine
theprototype filter (initial solution)for thisnew filter bank(asthe
numberof bands is doubled) by$ d b f� �&%'� � i$ d b 25\ f� �&% X ° � i± d b 25\ f3 �&% X �B����� % 25\ � O � $ d b f� �&% ° � ± d b f3 �&%'� (30)

andgo backto Step3.
This procedureis particularlyusefulwhena filter bankwith

a large number of bandsis desired,becauseit can the designed
in steps,gradually increasingthe computational complexity. The
ideais to useasinitial solutionfor thestep

c
, theoptimizedsolu-

tion in step
c D � , interpolatedby a factorof two, with its spec-

tral repetitioncenteredat � � � partially attenuatedby the filter���+�Ã% 25\ � O  . In theproposed method,thebaseandpositivemask-
ing filtersareoptimizedtogether, in asinglestep.A two-stepopti-
mizationproceduremaybeimplemented,with all FRM sub-filters
optimizedseparately.

4.2. Optimization Algorithms

In this paper, a quasi-Newton algorithm[9] with line searchwas
usedasanoptimizationprocedurein Step3 above. Otheroptionis
to usethesecondalgorithmof DuttaandVidyasagar, asdescribed
in [3]. Suchalgorithmmodifiestheobjective function,to take into
account theoriginal objective functionandtheconstraints,simul-
taneously, eachonewith its respectiveweight.Anotheralternative
includestheuseof a sequentialquadratic programming(SQP)al-
gorithm[9, 11], whichsolvesthegeneraloptimizationproblemby
sequentially optimizing a quadraticsubproblem. An exampleof
suchroutineis thefmincon commandprovided in thecommer-
cial packageMATLAB R

�
.

5. OPTIMIZED DESIGN EXAMPLE

A FRM-CMFB structurewith only the positive branchwas de-
signedfor � ���  bands, � � � A > ,   \ Ô >�A >K>T> � and   X Ô���H� > 2 0�� . To achieve that numberof bands,we startedwith� d 0 f � 

, and gradually increasedit, optimizing the bank for� d b f �  p , Ö � � @  @CA	A	A	@�� , with ¯ �  . We consideredboth
^ Xand

^�Ð
objective functions.Theinitial baseandpositivemasking

filters orderswerechosen# � �
	 and # 3 � � � , leadingto an
overall FRM-CMFB prototype filter of order # � � TW � D � �� � (

W ��	 ).
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Table1 summarizesthecharacteristicsof interestfor boththe
standard-CMFBandFRM-CMFB structures,in eachstepof the
procedure. The entry � � is the total numberof filter coeffi-
cientsbeingoptimized.Table2 shows thefiguresof merit for the
optimizedstandard-CMFB and FRM-CMFB designs ( � ��� 
bands). Clearly, the resultsarevery similar, but, asgiven in Ta-
ble 1, the FRM-CMFB requireda smallernumber of coefficients
to implementthe bank, yielding a muchmoreefficient optimiza-
tion procedure.The magnituderesponsesof both the optimized^ X and

^�Ð
FRM prototypefilters areshown in Figures3 and4,

respectively.

Table 1. Characteristicsof standard-CMFBand FRM-CMFB
structuresduringtheoptimizationprocedure.

structur e # � #� ~ # � � � �
CMFB - - 31 16 2

- - 63 32 4
- - 127 64 8
- - 255 128 16
- - 511 256 32

FRM-CMF B 8 15 31 16 2
16 31 63 25 4
32 63 127 49 8
64 127 255 97 16
128 255 511 193 32

Table 2. Figuresof merit for the optimizedstandard-CMFB and
FRM-CMFBprototypefilters.

figures Standard FRM
of merit � Ð � X � Ð � X� X ��� ����� 25\[\ � � ����� 2"\ � ��������� 25\[\ ��� ����� 25\ �� Ð (dB) -109.8 -100.3 -107.2 -93.2� \ 0.0001 0.0001 0.0001 0.0001� X ��� ����� 2 0! ��� ����� 2 0! � � �"��� 2 0! ��� #���� 2 0�$
ICI (dB) -60.2 -60.2 -60.2 -60.2
ISI (dB) -62.6 -62.6 -60.2 -60.2

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
−180

−160

−140

−120

−100

−80

−60

−40

−20

0

normalized frequency (Hz)

am
pl

itu
de

 (
dB

)

Fig. 3. Magnituderesponseof theoptimized̂ X FRM-CMFBpro-
totypefilter for � �%�  bands.

6. CONCLUSIONS

A new optimizationprocedurefor CMFB prototypefilters based
onthefrequency-responsemasking(FRM)approachwasproposed.
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Fig. 4. Magnitude responseof the optimized
^ Ð

FRM-CMFB
prototypefilter for � �%�  bands.

In thenumericallyefficientalgorithm,aperfect-reconstructionpro-
totype filter is usedasa startingpoint to satisfydesiredISI and
ICI constraints.Theproposedprocedureis thenbasedon a quasi-
Newton algorithmwhich optimizespartial filter bankswith small
number of bands, increasingsuchnumber up to thedesiredvalue.
The result is an efficient procedure that achieves lower interfer-
encelevelswithout increasingthecomplexity of theoverallFRM-
CMFB structure.
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