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ABSTRACT In this paper, we discuss the close relationship be-

The aim of thi Ki | ) hod f tween ESPRIT and a blind-equalization technique, the so-
€aim o this work 1S to pre;ent an aternat!ve me_t 0d 10%alled Tong-Xu-Kailath (TXK) [7] algorithm solely based on
estimating the direction-of-arrival (DoA), that is, thecom-

. : S second-order statistics of the cyclostationary incomiigg s
ing angle, of a signal impinging on an antenna array. Th

AR o . al. By exploiting the link between ESPRIT and the TXK
proposed method is similar to ESPRIT (estimation of signa| y expiotting ! W

. . . . ) ; Igorithm, a new algorithm is proposed and referred to as
parameters via rotational invariance techniques) algorit the covariance-based DoA (CB-DoA). It is then verified that
which is the most widely used technique for this applica

. . . > TPET~“the CB-DoA algorithm presents performance comparing fa-
tion. The new algorithm exploits the structural similagi g b P paning

i . bly to the standard ESPRIT method, with substantiall
between ESPRIT and the Tong-Xu-Kailath methOdforb“ndl\gnr/eérZor%pu?afic?r?al?:l)mplexity method, with stibstantially

channel equalization. The result is an ESPRIT-like algo- ) ] ) ]

rithm for DoA estimation with substantially reduced compu- 1 his work is organized as follows: Sections 2 and 3 de-
tational complexity. Simulation results are included tafye ~ SCTibe the DoA framework and total least-squares (TLS) ES-
the properties and performance of the new covariance-bas&d!T algorithm, respectively. Then, the CB-DoA algorithm

DoA algorithm, in comparison to ESPRIT and to the theoret{S infroduced in Section 4, by exploiting the underlying sim
ical Cramer-Rao lower bound. ilarities between ESPRIT and the TXK algorithm, as dis-

cussed in Section 5. Section 6 compares the implementation
aspects for both TLS-ESPRIT and CB-DoA. Experimental
1. INTRODUCTION results presented in Section 7 address the CB-DoA perfor-

The use of antenna arrays has emerged as a very powerflinc€ in distinct setups, emphasizing its reduced computa-
technique for improving the receiver performance in digi_'uonal load when compared to the TLS-ESPRIT algorithm.

tal communications. Several signal processing applioatio Besides that, mean-square error performance is compared to

are employed for estimating some parameters or the whol@€ theoretical Cramer-Rao lower bound. Finally, Section 8
waveform of the received signals [1]. In some situations, th draws some conclusions highlighting the main contribigion
estimation of the incoming signals is equivalent to estingat  ©f the paper.

the direction of the transmitting sources [2] [3]. Exampiés

applications of array techniques to mobile communications

systems can be found in [2].

. The earliest algorithms for estimating S|gnals N & SPACeH,ysider a MIMO (multiple-input multiple-output) enviren
time framework were based on the maximum IIkeI!hOOdment with M transmitting narrowband sources ani 2e-
paradigm. However, such solutions are very computatignall

it Sub v 1 lexitv alqorith d ceiving antennas, witN > M, as represented in Fig. 1. Itis
Intense. subsequently, lower complexity algonthms Weke d ., med that each of the sub-channels has an additive white
veloped, such as MUSIC (multiple signal classification) [4]

» forming directi t-arrival (DOA) estimati N Gaussian noise (AWGN) as the only interference source.
or performing direction-of-arrival (DoA) estimation. Ne Also, the receiving antennas are grouped in pairs, as de-

) ) . . A% ribed in [5], with a constant displacemenbetween the
geometrical configuration. Then, an algorithm for estima-

? : . . . X antennas in each pair.

tion of parameters via rotational invariance techniques-(E ) _ _

PRIT) [5] [6] was proposed, which uses an invariance prop- At time t, let sm(t) represent the signal transmitted by
erty induced by a constant spacing between antennas intBe mi" antenna, with 0< m < M, and letxi(t) andy;(t)
doublet pair. ESPRIT presents substantially lower compuP€ the two signals in thé" receiving-antenna doublet, with
tational complexity than MUSIC for performing DoA esti- 0 <1 < N. Considering that the incoming signals reach the

mation [3], which is one of the main reasons for its largel’ antenna doublet with an angle denoted@y the gain
popularity. provided by the antennas for such an angle is represented by

a(Bm). If ny;(t) andny;(t) represent the noise components
This work was partially supported by the Brazilian Counoii Research recelved. by GQCh antennain '_]HdeUbleta the de.SCI"pt'(_)r.1 of
and Development (CNPg). the received signals as functions of the transmitted sgjisal

2. DOA ESTIMATION
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Sources Receiving Array signals are related by

AW m\ Zﬁ; E[x(k)x" (k)] = Rx(0) = ARs(0)A™ +0%Rnx(0),(12)

E[x(K)y" (k)] = Ryy(0) =

w = ARs(0)®" A"+ 0%Rny(0), (13)
g@ v \\\ A; N whereo? is the noise variance. Besides that,

Antennas L/ Antenna Rs(0) = E[s(k)s" (k)] (14)

: Rnx(0) = E[ny(k)ny (K)], (15)

: : «
3 Riy(0) = Efny(k)n!! (k). (16)
Aw \w\g; 3. ESPRIT ALGORITHM

By grouping together the doublet signals into a single vecto

Figure 1: MIMO Environment. z(k) = [;E:g] , the transmission modeling becomes [5]
given by [5] z(K) = As(K) +ng(Kk), 17)
- | A ~ [nx(k)

whereA = [A@} andnz(k) = [ny(k) .

z Sm(t)a (Bm) + nx;i(t), (1) The ESPRIT algorithm performs a generalized eigende-
composition on the matrices

z sn(t)eE g (6,) 1 n(t),  (2) R,(0) = E[z(K)z" (K)] 8

n(0) = E[nz(k)nf! (k)]

wherej = v/—1, wis the frequency of the narrowband signal, Such that
andc is the speed of light. R;(0) — 025,(0) = ARs(0)A". (19)
By defining the auxiliary vectors and matrices in the

discrete-timek domain as Hence, the generalized eigenvectors corresponding thithe

largest generalized eigenvalues can be used as the columns
of Us, determining

x(K) = [ %K) xaK) .. xn-a(k) ], @3) B 50 o0
v = [ Yo valk) .. w-a(k) ], @) _ e _
T whereEs andA are related by a non-singular linear transfor-
n(K) = [ oK) mak) .. mn-ak) ] (B) mationT [5], such that
ny(k) = [ nyo(k) ma(k) ... (k) ], (6) B AT — [ AT } B [EX} 21)
= = = .
sk) = [k sk .. sl ], ) AST] By
ao(6o) ao(61) ao(6v_1) The ESPR_IT algorithm then determines the following eigen-
A a1(6p) ai1(6) ... a(6u_1) . decomposition,
= . . ) . ) H
: : " ; [gﬁ} [Ex Ey| =EAE". (22)
an-1(6o) an- 1(91) coan- 1(9M 1) y
. jwd R Following, the resulting eigenvector mati is partitioned
® = diagle’® S 'O, ol il } (9 into sub-matrices, such that
then, the input-to-output relationships given in Equadi¢h) E= Ell Elz} , (23)
and (2) can be rewritten as 21 =z
allowing the definition of an auxiliary matrix
x(k) = As(k) +nx(Kk), (10) ¥ = —E,E,7. (24)
y(k) = A®s(k) +ny(K). 11) At last, the ESPRIT algorithm performs an eigendecomposi-

) _ ) ) ~ tion onW to estimate the desired DoA mat,
Matrix A is the so-called array manifold matrix [5], and its
: : U =T&T L (25)
elements are the gains of the antenna array as a function of

the incoming angle. The ESPRIT algorithm described in this section corresponds
Considering that signal sources are uncorrelated to nois& the most popular implementation of ESPRIT, known as
then the covariance matrices of the received and trangimitteTLS-ESPRIT (total least-squares ESPRIT) [5].
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4. COVARIANCE-BASED DOA ALGORITHM 6. COMPUTATIONAL COMPLEXITY

Using a similar structure employed by the TXK algo- In order to allow the comparison between the TLS-ESPRIT
rithm [7], in the blind channel-equalization setup, one carand the CB-DoA algorithms, the computational complexity
perform an eigendecomposition directly on the matrix penof both methods is investigated in this section. For that pur

cil [Rx(0) — 0?Rnx(0)], yielding pose, Table 1 summarizes the basic operations for each al-
) 2e-H gorithm. The acronyms ED and GE stand for eigendecom-
Ro = Rx(0) — 0°Rnx(0) = UX"U". (26) position and generalized eigendecomposition, respégtive

When referring to multiple lines or columns, Matlab nota-
tion was used. Recalling thit is the number of sources and
2N is the number of sensors, the number of operations for
each algorithm can be determined.

As a result, one may form the matricE% andUjg with the
M largest eigenvalues @ and their corresponding eigen-
vectors, respectively, such that matAxsatisfies

Thus, one can define an auxiliary matkxsuch that Table 1: Short descriptions of TLS-ESPRIT and CB-DoA
algorithms.
FA=V. (28)
ESPRIT CB-DoA
Therefore, - [Us,67] = GE(R;(0),54(0) | [Us, 57] = GE(Rx(0), Rnx(0))
F=3%,"UJ, (29)
o Es = 3n(0)Us F =3 U
and, consequently, another auxiliary mafitx can be deter- N .
mined as Ex=Es(0:M-1.) Ra= Ryy(0)~ 65 Rnx(0)
_ 2 H
From Equations (27), (28), and (30), one has that the DoA EH
matrix ® satisfies Eq= {E;H} [Ex E]
R;=Va"vH, (31) |[E,A]=ED(Ea) R; = FRoF"
_ . . Hy —
Since® is a diagonal matrix, its conjugate transpose can be E;2=E(0:M-1M:end |[V,2"]=ED(Rq)
found by performing an eigendecomposition Ba. From Ez;=E(M:endM: end
the rotational invariance property, the elementsdofare T _EoE-L
known to have unit norm, then an improved estimatabof 12522
is generated with normalized elements. [T, ®]=ED(¥)

5. CB-DOA AND TXK
From Table 1, one verifies that the TLS-ESPRIT algo-

The new CB-DoA algorithm follows a similar structure as of . o
rithm requires:

the TXK algorithm for blind channel equalization. In fact, i ] N ]

both algorithms use properties related to the receivedasig ® 1 9eneralized eigendecomposition of a pair 8f:22N

second-order statistics, performing subspace deconipasit matrices;

on the associated covariance matrices. e 2 eigendecompositions (1 for #2x 2M Hermitian ma-
Naturally, some differences between the TXK and the trixand 1 foranM x M non-Hermitian matrix);

CB-DoA algorithms emerge due to the distinct setups as-e 1 full-matrix inversion of arM x M matrix;

sociated to each application. While the TXK is based on e 6 matrix multiplications (5 for a pair o x M matrices

a single receiver with uniform oversampling, the CB-DoA  and 1 for the product of alx 2N and a N x M matri-

method uses multiple receivers, grouped in doublets, simi- ces).

|al’|y to the ESPRIT algorithm. It can be shown that the Uni'On the other hand, the new CB-DoA method requires:
form oversampling, in the channel equalization framework, « 1 generalized eigendecomposition of a paiNof N ma-
yields the rank difference between the covariance matdtes trices:

lags zero and one [7]. Such _ra_nk reduct|o_n is exploned_ by. 1 eigendecomposition of a\2x 2N Hermitian matrix;
the TXK technique for determining the multichannel matrix. . . : .
¢ 1 diagonal-matrix inversion of all x M matrix;

Meanwhile, in the DoA estimation problem, the proposed ) o

algorithm takes advantage of the rotational invariancgpro ® 3 matrix multiplications of arM x M by anM x N ma-
erty, which guarantees the full-rank characteristic fothbo trices;

received-signal covariance matrices at lag zero [6]. e 1 matrix subtraction of a pair dfl x N matrices.

The reciprocal relationship comprising ESPRIT andAlthough the computational cost of each method is highly
blind equalization is described in [8], where the rotationa implementation dependent, it is straightforward to vetfifgit
invariance of ESPRIT is exploited in a frequency-domain dethe proposed algorithm presents a smaller complex than ES-
scription of the blind equalization algorithm. PRIT algorithm. In fact, CB-DOA requires fewer matrix
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multiplications, includes a simpler (diagonal) matrix émv
sion, and requires a smaller generalized eigendecompuos
which is a very computationally intensive operation. Intfe
according to [9], the generalized eigendecomposition ¢
pair of 2N x 2N matrices is equivalent to one eigendecc
postion of a A x 2N matrix followed by an inversion of :
matrix of equivalent dimensions. In Table 2, a detailed cc
parison is provided which shows the asymptotic comple
of the basic operations, according to [9]. In the next sect
computer experiments are provided in order to quantify -
computational complexity improvement.

Table 2: Comparison for the number of operations requ
by TLS-ESPRIT and CB-DoA.

=l i i i i

i
-10 -5 0 5 10 15 20 25 30 35 40

Operation Compl.[9] | ESPRIT | CB-DoA SNR(dB)
Non-Herm. Eig.| ©/(25n°) 2 1
Herm. Eigendec| _0(n%) 1 1 Figure 2: Estimate MSE for TLS-ESPRIT and CB-DoA al-
Full Inversion | &(2n°/3) 2 1 gorithms as a function of the receiving SNR in Setup 1.
Diag. Inversion o(n) - 1
Multiplication o (n°) 6 3
Subtraction 0 (n?) - 1 the computational complexity of each technique, the ruginin
time for several DoA setups was measured in a Pentium IV
3GHz PC, using a Matlab 7.0 platform on a Fedora Linux
operating system. The results were averaged over 300 runs
7. COMPUTER SIMULATIONS in the ensemble, for 5,000 samples. The running times were
7.1 Comparison between CB-DoA and ESPRIT measured only for the algorithm themselves. Time spent on

] ] ] covariance estimations were not taken into account. The re-
Some experiments were included to verify the performancgjs are presented in Table 3. The coluRatio is defined
of the CB-DoA algorithm. The symbols from each sourcegq

were randomly generated from a Gaussian distribution with Ratio — Time for CB-DoA 33
meany = 0.5 and variance? = 0.5. Both the array man- ato= Time for ESPRIT (33)

ifold matrix and the DoA gain vector were randomly deter- =, Table 3. one can observe that in Setup 1 the CB-

mined, .foIIo.wing a similqr Gaussiar) distribution as above.DoA running time was about 66% of the complexity associ-
For estimating the covariance matricBx(0) and Ry (0),  ated to TLS-ESPRIT. This relationship improves even furthe

5,000 sample values were employed. _ favouring CB-DoA as the numbers of sources and sensors in-
The metric used for performance assessment is the meagza e as also shown in Table 3.

square error (MSE), defined here as the arithmetical mean of

the squared differences between the estimated and thd actua o

DoA algorithms for distinct number of transmitting sources

1 M1 - and receiving doublets.
MSE= 5 3 186" (32)
M £ Trans. | Doub. | TLSESPRIT CB-DoA Ratio
. . . : . 1 4 1.17-10 3 | 9.36-10 % | 0.795
where the angle§ and its relation to the invariance matrix — —
& are defined in equation (9). 4 9 1.92- 10735 1.28- 10735 0.668
7 12 3.64-10°s | 1.67-10 °s | 0.459

The MSE value, referring to an ensemble average over — —
300 runs, was determined for distinct values of the sigaal-t | 14 30 134-10"s | 3.28-10°s | 0.243
noise ratio (SNR) measured at the receiver input. 18 39 291-10 % |5.80-10 °s | 0.199

Several distinct DoA setups were investigated in our sim-
ulations, including Setup 1 (witM = 4 signal sources and
N = 9 receiving doublets) and Setup 2 (with = 7 and .

N = 12). The MSE results for these two setups are depictea'2 Comparison to the Cramer Rao L ower Bound
in Figs. 2 and 3, respectively, for the TLS-ESPRIT and CB-In order to assess the performance of CB-DoA algorithm
DoA algorithms. These figures indicate that both methodin comparison to the theoretical limit represented by the
have similar MSE performances for a wide range of receivingCramer-Rao Lower Bound (CRLB) [10], a new simulation
SNR, and CB-DoA presents a slightly lower MSE. To assessnvironment was used, withl = 1 source andN = 4 uni-
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between two subsets of antennas is described. The pro-
= —&sPRIT posed covariance-based (CB) DoA algorithm originates from
the TXK algorithm for the blind channel-equalization setup
The CB-DoA may be seen as an improved ESPRIT method,
due to its lower computational complexity, while achieving
equivalent performance for several receiving-SNR values.
The improvement in computational complexity of ESPRIT
is significant, since ESPRIT is known as a low-complexity
algorithm for DoA estimation. Computer simulations con-
firm the CB-DoA reduced computational complexity and its
robustness to the scalability of the DoA problem. Further-
more, the proposed CB-DoA presents an MSE performance

closer to the approximate CRLB, given by Equation (34),
10°F 1 than ESPRIT.

MSE
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