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Abstract—Two efficient techniques exploiting the frequency-re-
sponse masking (FRM) approach are proposed in order to make
it feasible to design prototype filters for highly selective nearly
perfect-reconstruction cosine-modulated transmultiplexers and
filter banks (CMTs and CMFBs) having a very large number of
channels. In these design schemes, the number of unknowns is
drastically reduced when compared with the corresponding tech-
niques for designing direct-form prototype filters. Furthermore,
in the proposed techniques, the main figures of merits, that is,
the intersymbol interference and the interchannel interference
for CMTs and the overall and aliasing distortions for CMFBs are
taken into account in a controlled manner. In order to speed up
the convergence of these two optimization techniques, simplifica-
tions for computing the resulting nonlinear constraints and the
corresponding gradient vectors are proposed. They differ from
each other in the sense that the first and second ones utilize the
frequency-domain and time-domain constraints for controlling
the figures of merit, respectively. Combining these two techniques
results in numerically efficient algorithms for designing optimized
CMTs (or CMFBs) with a reduced computational complexity
(number of arithmetic operations per output sample), particu-
larly when both branches of the FRM structure are required.
Design examples are included illustrating the efficiency of the
design methods and the high performance of the resulting CMT
structures.

Index Terms—Cosine-modulation, filter banks, frequency-re-
sponse masking (FRM), optimization, transmultiplexers.

I. INTRODUCTION

DURING the past few years, the area of digital com-
munications has experienced a growing interest on the

research of filter banks, due to their inherent subband pro-
cessing capability. Such structures, when applied to multiple
input/output digital communications systems, are known as
transmultiplexers (TMUXes) [3]. Currently, the most widely
used TMUX structure is the orthogonal frequency division
multiplexing (OFDM) [21]. The OFDM system features a low
computational complexity and an easy equalization process,
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when using a proper cyclic prefix. However, such a prefix may
greatly reduce the OFDM payload, thereby motivating the
research for generating alternative TMUX structures such as
the cosine-modulated transmultiplexer (CMT) [20], [14]. In
practice, modern multicarrier communications systems may
require subchannels with a very small amount of overlap,
known in the literature as roll-off, and possibly a large number
of subbands such that each subchannel has flat response, al-
lowing a simple equalization process. Such a demand for small
roll-off and/or large number of subbands turns the design of
CMT prototype filters very difficult, because the number of
coefficients involved in the optimization process tends to be
prohibitively large.

This paper proposes efficient design procedures for CMTs,
enabling the design of high-order optimized prototype filters
meeting demanding prescribed specifications. For this purpose,
two optimization techniques are proposed, exploiting the fre-
quency-response masking (FRM) approach [12] for optimizing
such prototype filters. In addition, some analytical simplifica-
tions for the computation of the constraints and corresponding
gradient vectors are provided. These crucial simplifications are
employed by the subsequent optimization procedure aiming at
the minimization of the associated intersymbol and interchannel
interferences (ISI and ICI) for CMTs or the overall and aliasing
distortions for the corresponding cosine-modulated filter banks
(CMFBs). A particular case where the ISI is inherently zero is
also presented. The first and the second proposed optimization
techniques use the frequency-domain and the time-domain con-
straints, respectively, for properly controlling the above-men-
tioned figures for CMTs and CMFBs.

The proper combination of these two optimization schemes
results in a numerically efficient algorithm for designing op-
timized CMTs or CMFBs with reduced computational com-
plexity (number of arithmetic operations per output sample),
particularly when both branches of the FRM structure are em-
ployed. The method is suitable for cases where the prototype
filter length extends to some thousands of coefficients, enabling
one to design extremely selective multirate systems with a very
large number of subbands, even more than one thousand. Fur-
thermore, the designed prototype filter can be used not only with
CMFB, but with SMFB [2] and MDFT [11] filter banks as well.

Optimizing such systems using direct-form (DF) prototype
filters would take an extremely long time and would require a
huge amount of memory resources in order to finalize the task.
The first proposed building-block optimization technique using
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frequency domain constraints can be regarded as an efficient ex-
tension of the optimization technique described in [7] in the
sense that instead of using the DF prototype filter, the FRM
approach is utilized for generating it. The second optimization
scheme, in turn, is an extension of the technique described in
[10]. The original synthesis scheme has been aimed at gener-
ating CMTs with zero ISI or CMFBs with no overall distortion.
In the modified version, these figures of merit are allowed to get
any predetermined values.

This paper is organized as follows. Sections II and III re-
view the general basic concepts and ideas behind CMTs and
the FRM approach, respectively. Furthermore, Section II shows
how the evaluation of the figures of merit for both CMTs and
CMFBs can be significantly reduced based on the use of the
techniques described in [7]. These reductions will be utilized
in the following sections when developing the aforementioned
numerically efficient algorithm for designing optimized CMTs
or CMFBs with reduced computational complexity, especially
for designing multirate systems with a very small roll-off factor
and a huge number of channels. In addition to reviewing the
basic concepts of the FRM approach for constructing the proto-
type filters for multirate systems, Section III considers also how
to properly select the parameters of the FRM-based prototype
filter in order to arrive at satisfactory overall multirate systems.
Section IV states the optimization problems for both CMTs and
CMFBs in order to determine the optimal FRM-based prototype
filter in the least-mean-square and minimax senses subject to the
given allowable figures of merit. This section also introduces the
objective function and presents closed-form expressions for its
first-order derivatives to accelerate the optimization procedure,
and considers a few alternatives to solve the resulting problem in
a convenient manner. Section V formulates the figures of merit
in terms of both the time- and frequency-domain constraints and
presents their respective closed-form derivatives. Section VI in-
troduces an efficient procedure, based on the results of Sec-
tion V, for the design of FRM-based CMTs. Section VII presents
some practical CMT design examples, illustrating the numer-
ical efficiency of the proposed optimization procedure and the
high performance of the resulting CMT structure. Finally, Sec-
tion VIII summarizes the main results presented in this paper.

II. COSINE-MODULATED TRANSMULTIPLEXERS

CMTs are a well-known class of multirate systems, where
all the analysis and synthesis subfilters can be easily generated
by just modulating a low-pass prototype filter with the transfer
function as given by

(1)

as follows [14], [20]:

(2)

Fig. 1. M -channel maximally decimated TMUX system.

for and for , where

(3)

This modulated filter bank possesses the property that all fil-
tering operations in both the analysis and synthesis banks can
be efficiently implemented with a reduced number of operations
per output sample [20].

The maximally decimated -channel CMT system is de-
picted in Fig. 1. At the transmitter (synthesis bank) of this struc-
ture, each input signal is first interpolated and filtered and, then,
the resulting signals on each branch are added to form a single
signal for transmission over a given channel . At the re-
ceiver (analysis bank), the output signal of the channel is split,
with the aid of filtering and decimation, back into -channels
in order to generate the desired output signals. In the sequel,
in order to simplify the design of CMT systems, it is assumed
that the channel response is unitary or a pure delay.

By taking into account the aforementioned simplification,
the general relation that describes the transfer functions of the
TMUX system is

(4)

where

(5)

(6)

(7)

for , and . It is
worth mentioning that the letter is used to define the imagi-
nary part of a complex number, as opposed to , which is just
used for indexing. The matrix is the so-called transfer
matrix whose elements, , represent the transfer func-
tions between the interpolated input and the interpolated (un-
decimated) output .

In a TMUX system, one would be interested in estimating the
total ISI and ICI figures of merit, which are given by [1]

(8)

(9)
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Fig. 2. M -channel maximally decimated filter bank.

where is the ideal impulse, is a properly chosen delay,
is the impulse response for the th subchannel, and the

term , as given by (7), is the crosstalk between the
th and th subchannels.
The maximally decimated -channel TMUX system is a

filter bank where the analysis and synthesis blocks are switched
in order to form a system with input/output channels [20],
[6]. The reciprocal is true, in such a manner that the filter bank
can be built by first omitting the transmission channel
in Fig. 1, and switching both analysis and synthesis banks, re-
sulting in the -channel maximally decimated filter bank struc-
ture of Fig. 2. Consequently, the figures of merit of a filter bank
are closely related to those of the corresponding TMUX. There-
fore, when designing a TMUX, it is enough to consider input-
output relation of the corresponding filter bank as given by

(10)

The first term in (10), , is the overall transfer function and
must be the unique term in an alias-free design, which includes
the perfect reconstruction (PR) filter bank as a particular case.
The second term, involving the remaining , includes the
aliasing transfer functions, which quantify the influences in a
given band from all other bands. These terms are expressible as

(11)

(12)

for .
The aforementioned figures of merit, namely the overall and

aliasing distortions, are always used when designing maximally
decimated filter banks with constrained distortions, and are
of high computational complexity. However, the evaluation
of these figures of merit can be significantly simplified as de-
scribed in [7], where it was shown that the functions can
be evaluated convolving the prototype filter with its complex
modulated version as follows:

(13)

for , where

(14)

Due to the symmetry , the expres-
sions for the functions may be determined only for

TABLE I
COMPUTATIONAL COMPLEXITY FOR THE STANDARD AND SIMPLIFIED

FORMULATIONS

, where denotes the integer part of . If
the prototype filter is symmetric (linear-phase) and is of order

, then the functions can be written as

(15)

where the coefficients are defined according to the fol-
lowing equation

(16)

that is, the coefficients can be generated by convolving the
impulse response with its complex exponentially modu-
lated version .

Each impulse response , for
, is evaluated as follows: First, for a given

prototype filter of order , set ,
where denotes the smallest integer greater than or
equal to , and evaluate the -point DFT of padded
with zeros, which will be called . Second, evaluate

by just right circular shifting the
components of . Third, the coefficients result from
the inverse DFT of the product . Finally, what
remains is to multiply by , resulting in the desired

.

Table I shows the number of floating-point multiplications as-
sociated with (12) and (15), which represent the standard and
the simplified formulations, respectively. It was assumed that
the prototype filter is of order and pos-
sesses the linear phase property, facts which will be considered
throughout this paper and must be emphasized. The entries CM
and PM stand for cosine modulation and polynomial multiplica-
tion, respectively. Clearly, if and , then the total
number of multiplications approximate and for
the standard and simplified formulations, respectively, leading
to a reduction factor of in favor of the simpli-
fied formulations, which were detailed in [7].

Using the facts that the computational gain for evaluating
the functions is specially impressive when the number
of bands is high, and the usual requirement of CMTs with
a large , which brings high selectivity for multicarrier trans-
missions, this paper makes use of the simplified formulations
stated before when designing both CMFBs and CMTs.
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Fig. 3. FRM structure.

III. COSINE-MODULATED TRANSMULTIPLEXERS WITH

FREQUENCY-RESPONSE MASKING

The FRM approach uses a complementary pair of in-
terpolated linear-phase FIR filters. The base filter
with group-delay , and its complementary version

are interpolated by a factor , to form sharp
transition bands at the cost of introducing multiple images
(passbands) in both responses. These repetitive bands are then
filtered out by the so-called positive and negative masking
filters, denoted by and , respectively, and added
together to compose the desired overall transfer function as
given by [12]

(17)

which will be used as the prototype filter in the proposed
CMTs and CMFBs. This is because the aim of this contribution
is to design filters with sharp transition band and wide band-
width and/or a large number of subchannels. In such cases, first,
the use of the above prototype transfer function when properly
constructed in a manner to be described later, instead of its di-
rect-form counterpart, results in implementations of CMTs and
CMFBs with a considerably reduced arithmetic complexity at
the expense of a slightly reduced performance of the overall
filter bank, as shown in [8]. Second, most importantly, the FRM
structure enables one to use very fast optimization techniques,
requiring just a small amount of memory for designing CMTs
and CMFBs having the aforementioned requirements, as will be
seen later in this paper. In extreme cases with very large number
of channels and a very narrow transition band, it is either impos-
sible to optimize the DF prototype filter or designing it takes an
enormous amount of time. It is worth emphasizing that if the
bandwidth is required to be narrow, the lower branch, where the
polynomial multiplication by takes place, is discarded.
Fig. 3 depicts the general FRM structure for generating the pro-
totype filter for both CMTs and CMFBs.

As shown in [4], an efficient FRM-CMT structure or, equiv-
alently, an FRM-CMFB structure can be derived provided that
the FRM interpolation factor is expressible as

(18)

where and are integers. In such a case, using
solely the upper branch in the FRM scheme, the th analysis
filter can be written as

(19)

where

(20)

for . Here is the number of
polyphase components for the FRM base filter

(21)

for , where is the impulse response
of the masking filter of order , and is related to and

as . Equation (19) leads to the so-called
FRM-CMT efficient structure described in [4], which was devel-
oped not only for the case where the upper branch of the FRM
structure is used, but also for the case where both branches are
employed. The details of the structure are outside the scope of
this paper. Nevertheless, the FRM-based prototype filter can be
mapped into a DF FIR prototype filter, in such a manner that the
traditional fast implementation of CMTs is explored [20], [2]. In
this case, there is an additional gain in the computational com-
plexity reduction during the optimization task, due to a reduced
number of unknowns to be optimized.

Depending on the application at hand, TMUXes with large
number of subchannels are necessary, thereby demanding the
optimization of very long CMT prototype filters. Such optimiza-
tion problems may not even be feasible due to the computa-
tional complexity involved. Another issue is the need for a high
computational storage capacity since efficient optimization al-
gorithms, as the sequential quadratic programming (SQP) [13]
used in this paper, require the computation of a Hessian ma-
trix (its inverse or an approximation to it), whose size is about
the square of the number of parameters being optimized. To
overcome these problems, filter banks designed with the FRM
[12] approach were proposed in [4], [9], and [17], resulting in
a remarkable reduction in the number of parameters to be opti-
mized. In these works, the price paid for using an FRM proto-
type filter with a least squares (LS) (or minimax) characteristic
is a slightly higher stopband energy (or stopband ripple) when
compared to the DF realization, whenever this alternative is fea-
sible, for the same overall filter order. This is the motivation to
employ FRM-based prototype filters in this paper.

IV. OPTIMAL DESIGN OF FRM-CMTS: OBJECTIVE FUNCTION

Standard optimization goals for the CMT prototype filter are
to minimize the objective functions

(22)

which correspond to the total energy and the maximum magni-
tude value in the filter’s stopband, respectively. Moreover, the
3-dB attenuation frequency and the stopband edge are given by
[20]

dB

(23)

respectively, where controls the amount of overlap between
adjacent bands.

The optimization of the CMT must be conveniently carried
out by keeping the aliasing distortions and the overall distor-
tion of the corresponding CMFB under control. This is because
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these distortions can be evaluated in a simplified manner and are
the figures of merit directly related to the ICI and ISI, respec-
tively, as explained in Section II. Consequently, the following
constraints are introduced:

(24)

for (25)

for .
Traditional filter design algorithms [5] are not suitable

to solve the general CMT optimization problem due to the
required nonlinear constraints. In such cases, the problem of
finding an optimized solution can be solved with a modified
objective function , that combines the original objective
function [ , as in (22)] with a weighted set of
constraints, such that

(26)

where is the vector of constraint weights, and is the vector
of constraints, that is

(27)

(28)

where is the overall number of constraints.
The minimization of in (26) can be performed using the

WLS-Chebyshev method for the design of CMTs, as described
in [7]. The WLS-Chebyshev method is specially suitable for
the design of filters with the minimax criterion, and is based
on successive approximations of the norm by means of
weighted optimizations. Alternatively, the second algorithm
of Dutta and Vidyasagar (DV) can be employed in a similar
manner as presented in [19]. The performance is very similar in
both designs, but the WLS-Chebyshev algorithm usually con-
verges faster, in approximately half the amount of time required
by the DV algorithm, as observed in our simulations, the reason
it will be employed in this paper.

The optimization is carried out by quadratic programming
(QP) algorithms [13], which whenever possible employ the
closed-form first and second derivatives of to simplify its
implementation and improve the performance. A second-order
cone programming approach is another choice to perform
the optimization [22]. The modified objective function is
optimized by minimizing and satisfying predetermined
constraints, as in (26). With the QP algorithms, the constraint
weights are set by the designer. Another alternative is to use a
sequential quadratic programming (SQP) algorithm, which op-
timally sets the weights of the constraints based on the method
of Lagrange multipliers with the Kuhn-Tucker conditions [13].

In the WLS-Chebyshev design, the minimization of is per-
formed by successively minimizing WLS-like objective func-
tions, given in each iteration by

(29)

with

(30)

which is evaluated over a discrete set of frequencies . In (29),
is the weighting function at the th iteration and is

the given frequency grid interval. Further information regarding
the updating procedure of the weighting function and the algo-
rithm details can be found in [7].

Now, since the objective function can be written as a sum
of squares, it is straightforward to derive its first-order deriva-
tives with respect to the FRM subfilters. Using (29) enables one
to write

(31)

(32)

where may be , or , and

(33)

where

(34)

if
otherwise

if
otherwise

(35)

with . Furthermore, the description of the
frequency response of the linear-phase filters ,
and in terms of their phase and zero-phase (amplitude)
responses are

(36)

With (31) and (32), along with the auxiliary (33), (34), (35),
and (36), one can implement a fast routine for accurately evalu-
ating the objective function and its derivatives, which will lead
to a fast convergence for the optimization process.

V. OPTIMAL DESIGN OF FRM-CMTs: CONSTRAINT

EVALUATION

This section considers how to formulate the constraints in-
volved in the objective function given previously so that the
resulting optimization of FRM-CMTs becomes computation-
ally efficient. As shown in this section, this goal is achieved
by defining these constraints either in the time or frequency
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domains. Depending on the problem at hand, one of the fol-
lowing four alternative combinations can be explored, namely,
frequency-domain (FD) inequality or equality constraints, or
time-domain (TD) inequality or equality constraints. In the ded-
icated literature, FD inequality constraints are most frequently
used [8], [19], [20]. TD equality constraints were apparently
first employed in [15], and subsequently in [10], with a dif-
ferent treatment. To the best of our knowledge, TD inequality
constraints were not treated so far in the literature, but are ex-
ploited in this paper in an efficient manner.

A. FD Constraints for the FRM-CMT Design

Both the overall distortion and the aliasing distortions of the
overall filter bank can be controlled in the frequency domain by
stating the following constraints

(37)

(38)

for and for .
Selecting all grid points to be within is due to the
fact that the functions are periodic with the periodicity
equal to , as will be seen later. The overall number of the
resulting constraints is , depending on , the number
of grid points in use. Having a small (large) value for results
in a poor (good) control on the actual overall and aliasing errors
and in an optimization algorithm with a low (high) complexity.
It has been observed in [8] that selecting provides a
proper compromise, leading to constraints.

What is left is to convert the aforementioned con-
straints of (37) and (38) into the constraints in the modified ob-
jective function, as given by (28). To do this in an efficient and
convenient manner, it is beneficial to first express the constraints
in the following forms:

(39)

In this case, only those constraints being greater than zero
are taken into account, thereby reducing the computational
complexity. Second, the computational burden of evaluating
the above equation can be significantly reduced by exploiting
(15). This equation enables one to write all functions
in the following computationally efficient form

(40)

where

(41)

On the right-hand side (RHS) of (41), the variable is multi-
plied by , making the trigonometric function peri-
odic with the periodicity equal to .

In the FRM-CMT structure, the prototype filter is im-
plemented using as given by (17), and the optimization

problem entails on finding a base filter, a positive masking filter
(upper branch), and a negative masking filter (lower branch) that
optimize . In such a case, must consider the entire FRM
structure given by (17). In the TD, the coefficients in (15)
are given by

(42)

where the prototype filter coefficients are expressed as

(43)

Based on (39), in order to determine the constraint deriva-
tives, one can write

(44)

where

(45)

with

(46)

Here, for and .
Finally, as the proposed technique deals with the FRM struc-

ture, the constraint derivatives with respect to the coefficients of
the subfilters must be analytically formulated, that is

(47)

where could be either , or . Moreover

(48)

where for noninteger values of as well as for
and , whereas and for and
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in the case. The constants and
are given by (35), whereas is given by

if
otherwise

for . Here, it is assumed, without
much loss of generality, that the impulse-response coefficients
of the prototype filter satisfies the following symmetry condi-
tion: .

B. TD Constraints for the FRM-CMT

Nyquist filters are a class of FIR filters whose impulse-re-
sponse coefficients satisfy the following conditions [16], [18]

(49)

for a given integer and an interpolation factor . These fil-
ters are also known as th-band filters and may have a linear
phase. For later use, denotes the transfer function of
a th-order th-band (Nyquist) filter with the impulse-re-
sponse coefficients satisfying, in addition to the condi-
tions of (49), , thereby resulting in a
linear-phase FIR filter. Such a class of filters is useful, for ex-
ample, in digital communications where the data symbols are
upsampled by and filtered by [18]. In these cases,
there will be no ISI in the received sequence provided that both
the transmitter and receiver are synchronized and the channel is
of the form with and being a constant and
the overall delay, respectively. Hence, the receiver has only to
downsample the received information, thereby enabling one to
recover the original sequence in a very straightforward manner.
If the sampling period for the upsampled signal is , then the
data symbols will be spaced in time by . There are
many alternatives for designing the Nyquist filter for the channel
bandwidth , including both the single-stage and mul-
tistage implementations of .

It has been verified independently in [9] and [15] that CMFBs
with zero overall distortion and, consequently, CMTs with null
ISI are directly achieved by designing the prototype transfer
function such that it satisfies , that
is, the cascade of the prototype filter transfer function with it-
self is a th-band filter. Achieving this property in the case of
linear-phase FRM-based prototype filter , with

as given by (17), can be stated in terms of the proper TD
equality constraints. Before stating these constraints, it is worth
recalling the following facts. First, the impulse-response coeffi-
cients are related in the case where , for a
given , to the impulse-response coefficients of the linear-phase
base filter transfer function of order , as well as the
two linear-phase masking filter transfer functions and

of order , denoted by , and , respec-
tively, through (43). Second, in this case, the prototype filter
order is , that should be expressible as

, with being an integer in order to be able to
generate highly selective prototype filters. Under these circum-
stances, the desired conditions are satisfied by requiring that the

Fig. 4. 2M th-band Nyquist filter composed by FRM subfilters.

impulse-response coefficients of ,
with the resulting order , satisfy the
following properties

if
if

(50)

where is the value of the central impulse-response
coefficient, according to the definition of a linear-phase FIR

th-band filter [18], whereas the coefficients and
are related as follows:

(51)

for , where for and .
The idea of imposing TD constraints for ISI-free filters was

treated in [18] and [15], where [15] focused on the DF prototype
filter for CMFBs and the former developed a cascaded structure
to design a general th-band filter. The building block for the
Nyquist filter treated here is shown in Fig. 4.

Given the nonlinear equality constraints in (52)1, or, for con-
formity with Section V-A, the constraints

if
if

(52)

one can determine the first-order derivatives, required by an
SQP-like optimization algorithm. Once more, by considering a
generic filter , which can be replaced by , or

, it is possible to write

(53)

for , where

(54)

With the aid of (35), (48), and (49), all needed first-order deriva-
tives are determined.

The direct benefit of using the TD constraints in (52) is that
theiroverallcomputationalcomplexitydependsonlyon ,which
tends to be much smaller than . The same does not apply for
problems considering FD constraints, as in Section V-A, and in
[9]. Therefore, when optimizing filter banks with a large number
of bands, one should consider using those TD constraints. Fur-
thermore, as this technique leads to TMUXes with zero ISI, the
distortion is only dependent on the ICI, which has about the same
magnitude as the maximal ripple in the stopband of the magni-
tude response of the prototype filter [10], [15], [19]. On the other
hand, equality constraints may be very restrictive and by allowing
a small distortion in the ISI, the respective ICI can be reduced. In

1The coefficients of H (z) have a quadratic dependence with respect to the
FRM-subfilter coefficients.



2420 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 52, NO. 11, NOVEMBER 2005

this manner, instead of employing time-equality constraints as
before, one should use time-inequality constraints, by imposing
that the magnitude of the coefficients in the TD must be less than
a given tolerance, that is

if
if

(55)

In this case, the value of should be selected in such a manner
that the overall distortion of the system remains practically the
same as in the FD case. The resulting impulse-response coeffi-
cients maydiffer fromthe idealvalues,asgivenby
(50),andare, therefore,denotedby .Asmall incre-
ment , which can be constrained in a suitable dynamic range,
determines the differences between the resulting and ideal co-
efficient values. In the worst case, the resulting errors

for
add constructively in such a way that, in the frequency domain,
there is a gain of . This is due to the fact that the number
of the error terms is . Based on this fact, should
be properly chosen in the following range

(56)

where is the desired overall distortion, as in (37). Once has
been appropriately determined, the optimization algorithm can
be carried out.

Equation (55) is very suitable to be employed in SQP-based
routines, but the same does not apply to the QP-based ones be-
cause the nonlinear constraints , for , must
be explicitly inserted in the modified objective function, as given
in (26). This task is accomplished, for example, by writing the
modified objective function as

(57)

where, in this case, just the active constraints will be considered
in each iteration of the optimization process, and is a scalar
set by the designer to control the relevance of the constraints.
In fact, this modified objective function was tested in QP-based
algorithms and the attained results were very similar to the ones
provided by the SQP-based algorithms, which try to set the con-
straint weight vector in an optimal manner. Both the QP and
SQP routines tested are available in the optimization toolbox of
MATLAB [23] under the names fminunc and fmincon, respec-
tively.

VI. PROPOSED COARSE-TO-FINE OPTIMIZATION PROCEDURE

The previous section considered how to use properly both FD
and TD constraints for optimizing CMFBs and CMTs with pre-
scribed allowable errors. It has been observed that the use of
FD (TD) constraints leads to routines being characterized by a
higher (lower) computational complexity and a higher (lower)
accuracy of the final result. Therefore, in order to arrive at a rou-
tine finding quickly a very accurate solution, it is beneficial to
properly combine the benefits of the routines based on the use
of the two aforementioned constraints. A good alternative is to
use the following coarse-to-fine optimization routine: Given the

basic filter bank specifications, namely, the number of bands ,
the roll-off factor , the overlapping factor , one is able to eval-
uate the order of the resulting prototype as .
The set of specifications is closed when the maximum allowable
aliasing and overall distortions, and , respectively, are taken
into account. Given the whole set of specifications, find the op-
timized solution using the following three-step procedure.

1) Choose between QP and SQP routines, which are suitable
for the optimization of the filter bank under consideration.
Design an FRM low-pass prototype filter satisfying the set
of all specifications but the maximum allowable aliasing
and overall distortions.

2) Optimize efficiently the filter bank with TD constraints,
as in Section V-B, using an appropriate choice for ,
given the maximum overall distortion . Depending on
the problem under consideration, more than 500 iterations
may be required.

3) Use the prototype filter coefficients of Step 2 as the initial
solution for this step. The optimization is now carried out
in the FD, with the same optimization routine used in Step
2. The overall number of iterations in this step is consid-
erably low. Usually, less than 50 iterations are required.

In the above procedure, Step 2 accounts for the coarse design
of the filter bank to attain the prescribed specifications, whereas
Step 3 is responsible for the fine adjustment of the resulting pro-
totype filter, in such a manner that the initial specifications are
met, and that the objective function is conveniently minimized.

VII. DESIGN EXAMPLES

Some design examples are considered in this section to clarify
the use of the techniques described in this paper. Comparing the
examples included in this section enables one to decide when or
where employment of the FD or TD constraints is most appro-
priate to reduce the amount of computational complexity. Fur-
thermore, in some applications, the choice of one of them may
be mandatory. For example, if the synthesis of a TMUX with
negligible roll-off and high stopband attenuation is under con-
sideration, then the ICI may be already extremely small, and
only the ISI has to be taken into account when performing the
optimization. Hence, for conveniently solving such an optimiza-
tion problem, using the TD constraints is the best choice, since
the resulting ISI will automatically have a very small magnitude.

In order to validate the proposed optimization techniques, two
examples are presented: in the first example, CMTs with a small
roll-off and a small number of bands (relatively large band-
width) are designed; the second one requires a small roll-off
and a large number of subbands, leading to a prototype with
very narrow bandwidth. In the first case, both the LS and min-
imax criteria for designing the prototype filter subject the given
constraints are under consideration, whereas in the second case,
only the LS criterion is used.

In both examples, the initial solutions were set as FRM fil-
ters designed with the technique provided in [12]. Such initial
prototype filters usually present very poor figures of merit for a
filter bank, that is, both overall and aliasing distortions are con-
siderable.
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TABLE II
SETTINGS FOR FRM SUBFILTERS AND OVERALL PROTOTYPE IN EXAMPLE 1

(*) 16 unknowns are necessary if the designed prototype provides the PR,

that is, both ISI and ICI are zero.

(**) If the problem is PR, the size of the Hessian matrix reduces to 204.8 kB.

TABLE III
RESULTING FIGURES OF MERIT FOR DIRECT-FORM AND FRM-BASED CMT

DESIGNS IN EXAMPLE 1

The orders of the FRM subfilters , and ,
and the interpolation factor were chosen such that the re-
sulting subfilters had a reasonable reduction in their orders sub-
ject to the constraint that the overall order is restricted to be
equal to . This is the usual restriction when
designing DF protototype filters since this order selection leads
to filter banks with the highest selectivity.

A. Example 1: Wide-Band Design

In this example, the requirements are set in such a manner
that the prototype filter presents a relatively wide bandwidth but
a very sharp transition band. Therefore, it is enough to choose a
small number of bands and a reduced roll-off factor. The speci-
fications are as follows:

number of bands

rolloff factor

overlapping factor

maximum overall distortion

maximum aliasing distortion

In Table II, is the base filter order, is the masking filter
order, is the overall filter order, and corresponds to the FRM
interpolation factor. In addition, indicates the number of pa-
rametersbeingoptimizedand specifiestheamountofmemory,
in bytes (considering 8 bytes to represent a real number), required
for the storage of a single Hessian matrix.

Table III presents the figures of merit for both LS and min-
imax designs. For comparison purposes, the DF CMT was de-
signed, consisting of a simple FIR filter and providing a lower
bound on the minimal values attainable for each figure of merit,
that is, the DF structure generally leads to the best results. The
optimization algorithm used was based on SQP, provided by the
function fmincon under MATLAB [23], to minimize the LS
and minimax objective functions as given by (22). A reasonable

number of points in the discrete frequency grid was found to
be . Table III clearly shows that both DF and FRM-based
prototypes performed similarly, whereas the second optimiza-
tion procedure required substantially less computational efforts.
In Table III, and , are, respectively, the attained maximum
overall and aliasing distortions after optimization.

The strategy adopted in the design was to perform the opti-
mization taking into account only the desired overall distortion

, and checking whether the resulting aliasing distortion was
within the prescribed margin or not. If not, the optimization
routine must be run again, considering the effects of the aliasing
distortion. In other words, the constraints in (39) must be eval-
uated not only for , but also for .

Fig. 5(a) and (b) depicts the magnitude response of the FMR-
based prototype filters, optimized according to the LS and Min-
imax optimality criteria, respectively.

Alternatively, using the same specifications given before, one
can use TD inequality constraints to design such a prototype
filter. In this case, the ISI will no longer be zero, but the ICI
and the stopband energy and attenuation will be reduced. The
specifications are the same as in Example 1. Redesigning the
prototype filters for the DF and FRM systems using the LS and
minimax optimality criteria, we get the results in Table IV. The
constraints were closely met with an error of order .

The results in Table IV approach the ones obtained from
the optimization carried out with FD constraints, depicted in
Table III, but with a reduced computational burden because
there is no need to evaluate the overall distortion over a dense
frequency grid. Over many designs performed with a wide set
of specifications, the computational time required when using
TD constraints was about one third of that required when using
FD constraints to satisfy the same specifications, which are
usually considered in [8], [15], [19], and [20]. Furthermore, in
order to exploit the benefits and eliminate the main drawbacks
of both classes of designs, they should be used together, re-
sulting in a kind of coarse-to-fine optimization procedure. In
this procedure, it is useful to design first the prototype filter is to
meet TD specifications with a reduced computational burden,
and then to further optimize the prototype filter under FD
constraints to make fine adjustments in the overall distortions.

Fig. 6(a) and (b) shows the magnitude responses of the re-
sulting prototype filters after optimization with TD inequality
constraints.

B. Example 2: Narrow-band Design

Now, a very challenging example with a large number of
bands is presented. In this case, the proposed method clearly
shows one of its advantages against the traditional DF. The spec-
ifications to be met are the following:

number of bands

rolloff factor

overlapping factor

maximum overall distortion

maximum aliasing distortion

The specifications are constructed such that the prototype
filter has both a narrow bandwidth and transition band. This



2422 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 52, NO. 11, NOVEMBER 2005

Fig. 5. Magnitude responses and passband details for the FRM prototype filters optimized using FD constraints in Example 1. (a) LS design. (b) Minimax design.

TABLE IV
RESULTING FIGURES OF MERIT FOR DF AND FRM-BASED CMT DESIGNS IN

EXAMPLE 1, WHEN USING TD INEQUALITY CONSTRAINTS

leads to a situation where only the upper branch of the FRM
filter is necessary [10], since there is no need to increase the
bandwidth of the resulting prototype filter with filtered images

TABLE V
SETTINGS FOR THE FRM SUBFILTERS AND OVERALL PROTOTYPE IN EXAMPLE 2

(*) 8192 unknowns are necessary if the designed prototype provides the PR,

that is, both ISI and ICI are zero.

(**) If the problem is PR, the size of the Hessian matrix reduces to 536.9

MB.

of the complementary filter resulting in the lower branch of
Fig. 4. Moreover, since the order of the prototype filter is given
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Fig. 6. Magnitude responses and passband details for the FRM prototype filter optimized using TD constraints in Example 1. (a) LS design. (b) Minimax design.

TABLE VI
RESULTING FIGURES OF MERIT FOR THE FRM-BASED CMT DESIGN IN

EXAMPLE 2 WITH THE LS OPTIMALITY CRITERION

by , optimization techniques based
on QP and SQP routines cannot be directly applied, as they re-
quire the storage of a Hessian matrix, which will be, in this case,

extremely large. The available characteristics of both DF and
FRM-based CMTs structures for this example are depicted in
Table V, along with the number of coefficients to be optimized
and the memory requirements during the optimization stage for
the storage of the Hessian matrix. The DF structure in this ex-
ample is not feasible because its design would require an enor-
mous amount of memory.

The coarse-to-fine optimization procedure described in Sec-
tion VI with the LS optimality criterion was used in this
example, to reduce the computational requirements because
the specifications led to a very computationally intensive
problem.

Fig. 7(a) and (b) shows the resulting FRM-CMT proto-
type filter and a small number of subbands of the resulting



2424 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 52, NO. 11, NOVEMBER 2005

Fig. 7. Resulting FRM-CMT in Example 2. (a) Magnitude response and passband detail. (b) Some lowest subbands of the FRM-CMT: 8 out of 2048.

TMUX, respectively, after the fine adjustment performed in the
coarse-to-fine procedure.

Table VI depicts the result of the optimized FRM-CMT sub-
ject to the LS optimality criterion, for both coarse and fine ad-
justment steps. It is worth mentioning that, in both examples
here, the specifications for the CMTs were very restrictive but
illustrative of the low complexity of the proposed FRM-CMT
when designing lengthy prototype filters.

VIII. CONCLUSION

This paper has proposed a complete optimization method for
the design of CMTs and CMFBs, based on the FRM approach.

For this matter, we introduced in a general and unified frame-
work, a new and complete set of expressions for FD and TD con-
straints, which are computationally efficient. The appropriate
use of simplified constraint expressions allows the design of
very sophisticated filter banks which could not be designed oth-
erwise. One of the main contributions of this work is to indi-
cate when each kind of constraint should be used in order to
simplify the optimization process. Overall, the tools provided
in this work enable one to generate highly selective filter banks
with large number of subbands by optimizing a reduced number
of parameters, and using a numerically efficient procedure.

The TD constraints were treated in a very new fashion, where
nonlinear inequality constraints were considered, presenting the
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advantage of a reduced computational complexity when com-
pared to the traditional FD constraints, and leading to an ad-
justable tradeoff between the overall and aliasing distortions and
the ISI and ICI, for CMFBs and CMTs, respectively. The em-
ployment of a coarse-to-fine procedure for the design of both
FRM-CMTs and FRM-CMFBs is also proposed, starting with
TD constraints and finely adjusting the optimized filter with FD
constraints.
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